Contrary to recent reports, we show that the electronic properties of phosphorene nanotubes are surprisingly rich and much more complex than previously assumed. We find that all phosphorene nanotubes exhibit an intricate direct-to-indirect bandgap transition as the nanotube diameter decreasesa unique property not identified in any prior studies (which claimed either direct or indirect band gaps only) that we uncover with large-scale DFT calculations. We address these previous inconsistencies by detailed analyses of orbital interactions, which reveal that the strain associated with decreasing the nanotube diameter causes a transition from a direct to an indirect band gap for all of the phosphorene nanotubes. We show that our findings are completely general, and extensive calculations across several exchange-correlation functionals verify our conclusions. Most importantly, our results and analyses resolve a long-standing question on the electronic properties of phosphorus nanotubes and brings closure to previously conflicting findings in these unique nanostructures.
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Since its isolation by Novoselov et al. in 2004, 1 graphene has become one of the most promising materials during the last decade, particularly for electronics. However, the lack of an intrinsic band gap in graphene inhibits its use in modern electronic devices, sparking a search for other two-dimensional (2D) materials with desirable properties. To date, one of the most promising candidates is phosphorene, a single monolayer of black phosphorus arranged in a puckered honeycomb structure (Figure 1a-b) . With a direct bandgap of 1-2 eV, 2-4 a carrier mobility up to 1000 cm 2 /V•s, 5 and an on/off ratio of up to 10,000, 2, 6 phosphorene is ideal for replacing silicon in nextgeneration nanoelectronics. Due to the sp 3 -hybridization in the lattice and the presence of a tunable bandgap, 7 phosphorene is also expected to exhibit other superior mechanical, electronic, and optical properties that are tunable via strain, [8] [9] [10] [11] chemical modification, [12] [13] [14] electric gating, 6, [15] [16] [17] [18] and nanostructuring. [19] [20] [21] [22] [23] In particular, phosphorene is highly anisotropic, which manifests itself in interesting chirality-dependent properties. For instance, charge carriers in the zigzag direction are several times heavier than charge carriers in the armchair direction (see Figure 1b ). 9, 24, 25 Consequently, the wrapping of phosphorene into phosphorene nanotubes (PNTs) results in unique tunable electronic properties that are not present in conventional carbon nanotubes. In a recent study published this year, Guan et al 21 . claimed that most armchair and zigzag PNTs possess indirect bandgaps with a semiconducting to semi-metallic transition in the zigzag family of PNTs. 21 However, these results contradict previous studies by Guo et al. 19 and others 26 which asserted that all armchair and zigzag PNTs are semiconductors with direct bandgaps. To shed light and bring closure to these conflicting results, we present a thorough analysis of the electronic properties of these PNTs using extremely large-scale density functional theory (DFT) calculations in conjunction with large TZVP all-electron basis sets (up to 200 atoms and 4,400 orbitals). In contrast to both of these previous studies, we find that the electronic properties of these PNTs are surprisingly much more complex than either study claims. Specifically, we show that all PNTs exhibit both indirect and direct bandgaps at certain sizes, which is (1) further corroborated across several exchange-correlation functionals and (2) rationalized by a detailed comparison of analogous orbital interactions in the various PNTs and the parent phosphorene sheet.
All of the DFT calculations in this study were carried out with a massively parallelized version of the CRYSTAL14 program 27 with a large TZVP all-electron basis set, 28 which we have previously used in large-scale calculations of other massive nanotube structures. 29, 30 We have chosen to use the B3LYP hybrid functional 31 for all of the PNTs in this work since our own benchmark calculations on planar phosphorene give a direct bandgap of 2.25 eV (See Supporting Information), which is in excellent agreement with the 2.31 eV bandgap obtained from a recent many-body G 0 W 0 (Green's function screened Coulomb) approach. 32 Most importantly, we also performed additional calculations with the range-separated HSE06 33 and the pure semilocal PBE 34 functionals to verify that our findings were not due to our specific choice of exchange-correlation potential, which further demonstrate that our results for all of the PNTs are completely general. It is also worth noting that all of the three different functionals surveyed in this study produced nearly identical geometries, with deviations of less than 1 Å in the geometryoptimized radius for even the largest (0,25) armchair nanotube (see the Supporting Information for plots comparing the nanotube radii obtained from the PBE, HSE06, and B3LYP functionals). Additional details of our calculations are given in the Computational Details section. Figure 1 , a single-walled PNT can be conceptualized as rolling up a phosphorene monolayer into a tube. Similarly to carbon nanotubes, each PNT can be completely specified by a pair of integer indices (n,m) that define a rolling vector R = na 1 +ma 2 , where a 1 , a 2 are the lattice vectors of the monolayer. In this study, we consider two PNT chiralities, armchair (0,m) and zigzag (n,0), denoted by a-PNT and z-PNT, respectively. We note that for these chiralities, m and n denote the number of phosphorene units around the tube circumference. Figure 2 shows the electronic band structure of selected PNTs along the irreducible Brillouin zone defined by the high-symmetry points Γ and X in momentum space (band structures for all PNTs and the various DFT methods can be found in the Supporting Information). In agreement with previous studies, a-PNTs consistently possess larger band gaps than z-PNTs, a trend that becomes more appreciable at smaller sizes. In stark contrast to the study by Guan et al., 21 however, we observe that all PNTs are semiconducting. The only possible semi-metallic transition is predicted by the PBE functional, which is known to underestimate band gaps. For this reason, and because this transition would occur at extremely small nanotube diameters that may not be structurally stable, we conclude that all of the PNTs are semiconducting. As expected, the band structures of large-diameter PNTs approach the infinite limit of the phosphorene sheet, with a direct bandgap at the Γ point. Interestingly, however, we find that below a certain size threshold (( 0,8) and (46,0) for a-PNTs and z-PNTs, respectively) all of the PNTs exhibit an indirect bandgap, with a significant shift in the conduction band minimum (CBM) away from Γ. This dramatic change in electronic structure from a direct to indirect bandgap is in stark contrast to both of the previous studies by Guan 21 and Guo 19 and is further verified with the HSE06 and PBE functionals (See Supporting Information). In particular, we first observe that this directto-indirect transition occurs at a significantly larger diameter for z-PNTs than for a-PNTs. We attribute this effect to the considerably higher strain in z-PNTs (see Figure 3 ), which has been confirmed by past studies 19, 21, 35, 36 and by our own strain energy calculations (computed with the expression E nanotuben E sheet , where E nanotube is the electronic energy of the optimized nanotube, E sheet is the electron energy of the phosphorene sheet, and n is the number of repeat units along the PNT circumference; ). A natural question arises: What is the underlying electronic mechanism that causes this direct-to-indirect transition? In other words, why does increasing the strain in these tubes, i.e., decreasing the tube diameter, shift the CBM (and VBM for a-PNTs) away from Γ? To explore this question further and rationalize our results, we note that the wrapping of the phosphorene sheet into z-PNTs and a-PNTs is analogous to the stretching of the sheet in the x and y directions, respectively (cf. Figure 1 ). In a recent study, Peng et al. showed that stretching phosphorene in either direction causes bandgap transitions similar to the direct-to-indirect transition that we observe in the PNTs. 9 Thus, we associate the strain induced by stretching the sheet to the strain accompanied by decreasing the size of the nanotubes. As demonstrated by Peng et al. and by our own calculations (see Figure 4 ), stretching the sheet along both directions causes a shift in the CBM away from Γ. In particular, for each direction, the CBM shifts in the symmetry direction of the corresponding nanotube; namely, stretching the sheet in the zigzag direction causes the CBM to shift toward the Y point and stretching in the armchair direction causes the CBM to shift toward the X point. This direct-to-indirect transition occurs because as the sheet is stretched, there is a competition in energetic stability between the orbital at the new CBM and the orbital at the old CBM (at Γ). When stretched, the overlap between orbitals in the stretching direction decreases, leading naturally to the destabilization (i.e., increase in energy) of bonding orbitals and the stabilization (i.e., decrease in energy) of antibonding orbitals. In Figure 5 , we plot the orbitals corresponding to the CBM in the unstretched sheet at Γ (denoted by p 0 ) and the CBM in the stretched sheets at the corresponding points (indicated by p 12a and p 12z ). From these plots, we see that stretching in the zigzag (x) direction destabilizes p 0 because the orbital is bonding in that direction, but stabilizes p 12z because it is antibonding in that direction. Along the same lines, stretching in the armchair (y) direction does not affect p 0 significantly because it is nonbonding in that direction, but stabilizes p 12a because it is antibonding in that direction.
As shown in
Following a similar analysis, in Figure 6 we plot the CBM for the PNTs immediately before (a 8 and z 46 ) and after (a 7 and z 45 ) the direct-to-indirect transition. Before the transition, the strain in the PNTs is not large enough to significantly alter the band structure; hence, the CBM of these tubes resembles the CBM of the phosphorene sheet wrapped in the corresponding directions (see Figure 6 ). Below these sizes, however, the CBM shifts away from Γ, producing an indirect bandgap. In the a-PNTs, decreasing the nanotube size stabilizes both the orbitals at a 7 and a 8 , but the orbital at a 7 stabilizes at a faster rate. As shown in Figure 5 , a 8 is nonbonding around the circumference, while a 7 is antibonding around the circumference. Thus, increasing the strain has a much stronger stabilizing effect on a 7 than on a 8 , leading to the shift in the CBM from a 8 to a 7 as the size decreases. For the (0,7)
PNT, a 7 is stabilized and becomes the CBM. In the z-PNTs, decreasing the nanotube size destabilizes z 46 but stabilizes z 45 . While both of these orbitals are bonding around the circumference, z 46 has stronger bonding character (i.e., higher orbital overlap) in the outer ring of the PNT and in the inner ring of the PNT (see the blue and red Bloch orbitals in Figure 6 ). However, z 45 is bonding only along the outer ring. Consequently, increasing the strain has a stronger destabilizing effect on z 46 , leading to the shift in the CBM to z 45 . It is also interesting to note that unlike the CBM of the (0,7) a-PNT, the CBM of the (45,0) z-PNT does not resemble the CBM of the sheet stretched in the corresponding direction which we anticipate is due to the extremely high strain in the z-PNTs. With these large-scale calculations and detailed orbital analyses, we have demonstrated that the electronic properties of phosphorene nanotubes are surprisingly rich and much more complex than previously claimed.
Contrary to previous reports, we find that phosphorene nanotubes exhibit a direct-to-indirect bandgap transition as the nanotube diameter decreasesa unique property that was not clearly identified in any of the prior studies. This intricate transition arises from a competition in the energetic stability of different conduction band orbitals as the nanotube diameter decreases, which is further supported by detailed comparisons of analogous orbital interactions in the various PNTs and the parent phosphorene sheet. In particular, we have identified specific size regimes ((0, 7) and (45,0) for a-PNTs and z-PNTs, respectively) where the CBM dramatically shifts away from the Γ point, resulting in an indirect bandgap. We also note that this direct-to-indirect transition is qualitatively different than the transition that has been shown to arise from axial strain in these PNTs. 19 The presence of both types of band gaps in PNTs is particularly noteworthy since these intrinsic electronic properties allow a wider range of tunability that is not present in conventional carbon nanotubes (which only possess direct band gaps). Specifically, our new calculations of both direct and indirect band gaps in PNTs have direct implications for applications that require either (i) a fast charge recombination and high light absorption (i.e., a direct band gap) such as light-emitting and laser diodes, or (ii) a slow recombination and large diffusion length (i.e., an indirect band gap) such as solar cells.
We have shown that our findings are completely general, and extensive calculations across several exchangecorrelation functionals with large all-electron basis sets verify our conclusions. Most importantly, our results and analyses resolve a long-standing question on the electronic properties of phosphorus nanotubes and brings closure to previously conflicting findings in these unique phosphorene nanostructures.
Computational Details
All calculations were carried out with a massively-parallelized version of the CRYSTAL14 program 37 , which has the capability of using both all-electron Gaussian-type orbitals and exact Hartree-Fock exchange within periodic boundary conditions. The presence of nonlocal Hartree-Fock exchange is especially important for obtaining accurate electronic properties (in particular, band gaps) for periodic systems since the incorporation of Hartree-Fock exchange can partially correct for electron-delocalization errors inherent to both LDA (local density approximation) and GGA (generalized gradient approximation) exchange-correlation functionals. 29 To ensure that our calculations for the PNTs were completely general and not an artifact of the specific DFT method used, we evaluated a wide range of functionals that contain varying portions of Hartree-Fock exchange: (1) PBE, a non-empirical GGA functional that contains no exchange, (2) HSE06, which contains shortrange exchange only, and (3) B3LYP, a popular global hybrid that contains a 20% fraction of Hartree-Fock exchange.
Geometries for all of the phosphorene nanotubes were optimized using a large TZVP all-electron basis set 28 with onedimensional periodic boundary conditions along the tube axis. At the optimized geometries, single-point calculations were performed with all three functionals with 100 k points along the one-dimensional Brillouin zone to obtain the resulting electronic band structures.
Supporting Information Available:
Structural and electronic properties of the parent phosphorene sheet, comparison of geometry-optimized radii obtained from the PBE, HSE06, and B3LYP functionals, and bandstructures for all the phosphorene nanotubes calculated with the various functionals.
